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Administrative Stuff

 Homework 10 is out

* |tis due on Monday Nov 13 @ 4pm



Administrative Stuff

* Final Project



Quick Review



Adding two bits
(there are four possible cases)

X 0 0 1 1
+y +0 1 +0 + 1

00 O1 OI1 10

C s
Carry ﬁ f Sum

[ Figure 3.1a from the textbook ]



Adding two bits
(the truth table)

Carry Sum
X Yy C
0 O 0 0
0 1 0 1
1 0 0 1
1 1 1 0

[ Figure 3.1b from the textbook |]



Adding two bits
(the logic circuit)

[ Figure 3.1c from the textbook ]
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The Half-Adder

D_c

(c) Circuit

X —p

Y —-

— S

HA

—— i

(d) Graphical symbol

[ Figure 3.1c-d from the textbook ]



Addition of multibit numbers

Civ1 €

X = Xy XaX) XX, 01111 (15)10 v o 8

t Y = ,"‘.4}‘”‘3,\”’2.“,1.‘“‘O + O 1 0 1 O + (]O)lo 'Vl-
S = 54515755, 11001 (25)10 NN

Bit position i

[ Figure 3.2 from the textbook ]



Problem Statement and Truth Table

¢ X Vi “i+] S
Civ1 €
. 000 0 | 0
’ O 0 1 0) 1
7 O 1 O 0 1
O 1 1 | 0
5 1 00 | 0 1
1 0 1 | 0
1 1 O | 0
1 1 1 | 1

[ Figure 3.2b from the textbook | [ Figure 3.3a from the textbook ]
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Let’s fill-in the two K-maps

Yi Cigl
0 0
1 0
0 0
1 1
0 0
1 |
0 1
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—t OO OO b OO e = O

[ Figure 3.3a-b from the textbook |
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Let’s fill-in the two K-maps

<

—t O bk (O e O = O
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— et O e O O O

e

—t OO OO b OO e = O

XiYi
C; 00 O01 11 10
0 1 1
1| 1 1
§; = X;®@Yy;® ¢
XiYi
C; 00 01 11 10
0 1
1 1 1 1
Civ1 = XY T XC+ Yic;

[ Figure 3.3a-b from the textbook |



The circuit for the two expressions

)Cl L
Vi t j) ) Si = X @ Y; D¢
Cl o
L —
\ C. = X.V.+ X.C:-+ V.C:
)| ) D_ I+ 1 iYi A A

[ Figure 3.3c from the textbook ]



This is called the Full-Adder

xl !
Cl o
L —
\ C. = X.V.+ X.C:-+ V.C:
)| ) D_ I+ 1 iYi A A

[ Figure 3.3c from the textbook ]



XOR Magic



XOR Magic

(.-—\-.i,\'i T -\.i,-\_',‘)?i = = (YlTl T Ai Vi )C;

(A.\',' @ Vi ) : =1 (\1 D Vi )(l

(x; D y;) D ci



XOR Magic




XOR Magic
(s; can be implemented in two different ways)




A decomposed implementation
of the full-adder circuit

HA

(a) Block diagram

HA c
Vi —™
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x; ————\
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(b) Detailed diagram

[ Figure 3.4 from the textbook ]



The Full-Adder Abstraction
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HA
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We can place the arrows anywhere

Xi Vi

|




n-bit ripple-carry adder

Xn-1 Yn-1 XN X N
Y A A Y Y
€1
Cp -— FA - C,7| o o0 C) - FA - FA -— ()
Sn-1 S1 S0
MSB position LSB position

[ Figure 3.5 from the textbook |



n-bit ripple-carry adder abstraction

Xn-1 Yn-1 1N X0
| L L
Yy v \/ Yy v . Yy
Cn FA - C(p7 e 00 () - FA *1— FA €0
Y ' Y
Sn—1 51 50

MSB position LSB position



n-bit ripple-carry adder abstraction




The x and y lines are typically
grouped together for better visualization,
but the underlying logic remains the same




Serial Adder

The n-bit adder requires all bits to be provided at the
same time.

In some cases we may want to add the numbers as
the bits come in.

Also, with an n-bit adder we are limited to n-bits.
Circuits for larger n are more complex.

Can we add arbitrarily long numbers.



Block diagram for the serial adder

Clock

A

JL

Shift register

Shift register

1

B

Adder
FSM

Shift register

Iy

Sum = A+B

[ Figure 6.39 from the textbook ]



State diagram for the serial adder FSM

Reset (ab/s)
11/0

00/0 01/0
01/1 10/0
10/1 11/1

00/1

G: carry-in= 0
H: carry-in = 1

[ Figure 6.40 from the textbook |



State diagram for the serial adder FSM

Reset (ab/s)

l 11/0
00/0 01/0
01/1 @ 10/0
10/1 11/1
00/1
. ( .
Gt A G: carry-in= 0
0O 0 0 0 0 H: carry-in = 1
0O 0 1 0 1
O 1 O 0 1
0O 1 1 1 0
1 0 O 0 1
1 0 1 1 0
1 1T O 1 0
I 1 1 1 1

[ Figure 6.40 from the textbook |



State diagram for the serial adder FSM

Ra
-
~
o+
e

C_l G: carry-in = 0
olo o 0 0 H: carry-in = 1
010 1 0 |
o1 O 0 |
0)1 1 1 0
110 O 0 1
110 1 1 0
If1 O 1 0
If1 1 1 1

[ Figure 6.40 from the textbook |



State diagram for the serial adder FSM

Reset (ab/s)
l 11/0

00/0 01/0
01/1 10/0
10/1 11/1

00/1

C;i Xi Yi | Cis1 S

[ollo o]

G: carry-in= 0

El H: carry-in = 1
1
1
0
1
0
0
1
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State diagram for the serial adder FSM

Reset (ab/s)

l 11,0
01/0
01/1 ‘ 10,0
10/1 11/1
00/1
Cc.- X . i+ S .
A | : G: carry-in= 0
O] o @ cnyin-
001 0 1
010 | 0 1
01 1 1 0
1 00 | 0 1
1 0 1 1 0
1 1 0 1 0
111 1 1



State diagram for the serial adder FSM

Reset (ab/s)

l 11,0
01/0
01/1 ‘ 10,0
10/1 11/1
00/ 1
¢, X Y Ci+l S; .
G: carry-in= 0

E @ El H: carry-in = 1
0 0 |
0 0 |
0 | 0
| 0 |
1 1 0
1 1 0
1 1 1

—t e OO = = O
—_— O = O = O



State diagram for the serial adder FSM

Reset (ab/s)

l 11,0
01/0
01/1 ‘ 10,0
10/1 11/1
00/1
Gt Al G: carry-in= 0
G G El H: carry-in= 1
G 0 1 G 1
G 1 0 G 1
G 1 1 H 0
H 0 0 G 1
H 0 1 H 0
H 1 0 H 0
H 1 1 H 1



State diagram for the serial adder FSM

Reset (ab/s)
l 11/0

[00{0] 01,0
01/1 ‘ 10,0

10/1 11/1

00/1

=
=
s

G: carry-in= 0
El H: carry-in = 1

1

1

0

1

0

0

1

tzzmzaaaqg] |
==i=-ff-.Nol--Nolo [2

—_— O = O = O



State diagram for the serial adder FSM

Reset (ab/s)

l 11/0
00/0 01/0
10/1 11/1
00/1
C: X: Y. Cis S
S | : G: carry-in = 0
G 0 0 G 0 H: carry-in = 1
G 1 0 G 1
G 1 1 H 0
H 0 0 G 1
H 0 1 H 0
H 1 0 H 0
H 1 1 H 1



State diagram for the serial adder FSM

Reset (ab/s)

l 11,0
00,0 01,0
01/1 ‘ 10,0
11/1
00/1
Cl xl y,- Cisl Sl’ .
G: carry-in= 0

H: carry-in= 1

a=ficsi-f--No! [ [oNo
—1o O
o= O
= odaoo
r—‘OO»—*OHv—tO

— e O O
—_— O = O



State diagram for the serial adder FSM

)
=
=
a
+
o)

G: carry-in= 0
H: carry-in = 1

_— O O
o - O

axffcolie-fie [2) [o Nl
el -0 F=| [oNoNo
r—‘OO»—*Bv—H—O

—_— O O
—_— O = O



State diagram for the serial adder FSM

Reset (ab/s)
11/0

00/0 01/0
01/1 10/0
10/1 11/1

00/1

State table for the serial adder FSM

Present Next state Output s
state ab=00 01 10 11 |00 O1 10 11
G
H

[ Figure 6.40 & 6.41 from the textbook |



State diagram for the serial adder FSM

Reset (ab/s)
11/0

00/0 01/0
01/1 10/0
10/1 11/1

00/1

State table for the serial adder FSM

Present Next state Output s
state ab=00 01 10 11 |00 O1 10 11
G G G G H
H G H H H

[ Figure 6.40 & 6.41 from the textbook |



State diagram for the serial adder FSM

Reset (ab/s)
11/0

00/0 01/0
01/1 10/0
10/1 11/1

00/1

State table for the serial adder FSM

Present Next state Output s
state ab=00 01 10 11 |00 O1 10 11
G G G G H] O 1 1 0
H G H H H 1 0 0 1

[ Figure 6.40 & 6.41 from the textbook |



State table for the serial adder FSM

Present Next state Output s
state | =00 01 10 11 |00 01 10 11
G G G G H|O0 1 1 0
H G H H H|1 0 0 1

[ Figure 6.41 from the textbook |



State table for the serial adder FSM

Present Next state Output s
state | =00 01 10 11 |00 01 10 11
G G G G H|O0 1 1 0
H G H H H|1 0 0 1

State-assigned table for the serial adder

Next state Output
Present
state [ ab=00 O1 10 11 |00 O1 10 11
Y Y s
0
1

[ Figure 6.41 & 6.42 from the textbook ]




State table for the serial adder FSM

Present Next state Output s
state | =00 01 10 11 |00 01 10 11
G G G G H|O0 1 1 0
H G H H H|1 0 0 1

State-assigned table for the serial adder

Next state Output
Present
state [ ab=00 O1 10 11 |00 O1 10 11
Y Y s
0 0 0O O 1
1 0 1 1 1

[ Figure 6.41 & 6.42 from the textbook ]




State table for the serial adder FSM

Present Next state Output s
state | =00 01 10 11 |00 01 10 11
G G G G H|O0 1 1 0
H G H H H|1 0 0 1

State-assigned table for the serial adder

Next state Output
Present
state [ ab=00 O1 10 11 |00 O1 10 11
Y Y s
0 0 0O O I O 1 1 O
1 0 1 1 1 I 0 O 1

[ Figure 6.41 & 6.42 from the textbook ]




Derivation of Y and s

Next state Output
Present
state ab=00 01 10 11 |00 O1 10 11
Y Y s
0 0 0O O 1 0 1 1 0
1 0 1 1 1 1 0O O 1




Derivation of Y and s

Next state Output v

Present 0
state | ab=00 01 10 11 {00 O1 10 11 -
Y Y s 0

0 0 O O 1 ]0 1 1 0 0

1 0 1 1 1 1 0 0 1 |




Derivation of Y and s

Next state Output v

Present

state | ab=00 01 10 11 |00 O1 10 11

y Y S

0 0 0 O I { O 1 1 O 0

1 0 1 1 1 1 0O O 1




Derivation of Y and s

Next state Output v
Present 0
state | ab=00 01 10 11 {00 O1 10 11 -
Y Y s 0
0 0 O O 1 ]0 1 1 0 0
1 0 1 1 1 1 0 0 1 |
1
Y a 5 a
Y y 1
b 00 01 11 10 b 00 01 11 10 |




Derivation of Y and s

Next state Output v
Present 0
state | ab=00 01 10 11 {00 O1 10 11 -
Y Y s 0
0 0 O O 1 ]0 1 1 0 0
1 0 1 1 1 1 0 0 1 |
1
Y a 5 a
Y y 1
b 00 01 11 10 b 00 01 11 10 |




Derivation of Y and s

Next state Output v
Present 0
state | ab=00 01 10 11 {00 O1 10 11 -
Y Y s 0
0 0 O O 1 ]0 1 1 0 0
1 0 1 1 1 1 0 0 1 |
1
Y a 5 a
Y y 1
b 00 01 11 10 b 00 01 11 10 |




Derivation of Y and s

Next state Output v
Present 0
state | ab=00 01 10 11 {00 O1 10 11 -
Y Y s 0
0 0 O O 1 ]0 1 1 0 0
1 0 1 1 1 1 0 0 1 |
1
Y a 5 a

Y y 1
b 00 01 11 10 b 00 01 11 10 |

0 0 0 1 0 0 0 1 0 1

Y = ab + ay + by s = XOR(XOR(a, b), y)



Circuit for the serial adder FSM

a ——= - g
b Full
adder Y y
— D Q
carry-out
Clock > a
Reset (f

Y =ab + ay + by

s = XOR(XOR(a, b), y)

[ Figure 6.43 from the textbook ]



Moore Machine Implementation



State diagram for the Moore-type serial adder FSM

[ Figure 6.44 from the textbook ]



State diagram for the Moore-type serial adder FSM

carry=1, sum=0

01
10

carry=0, sum=1 carry=1, sum=1

[ Figure 6.44 from the textbook ]



State diagram for the Moore-type serial adder FSM

Reset

carry=0, sum=0 l carry=1, sum=0

Ci Xi Vi Ci+1 §i

O 0 O 0 0

0 0 1 0 1 carry=0, sum=1 carry=1, sum=1
O 1 O 0 1

0 1 1 1 0

1 0 O 0 |

1 0 1 1 0

1 1 O | 0

1 1 1 1 1

[ Figure 6.44 from the textbook ]



State table for the Moore-type serial adder FSM

Present Nextstate Output
state 1 gb=00 01 10 11 | s
Go Go G Gi Hy 0
G Go G; G; Hj 1
Ho Gy Ho Hop H; 0)
H; G; Ho Hp H; 1
stet

[ Figure 6.45 from the textbook |



State table for the Moore-type serial adder FSM

Present Nextstate Output
state. | 4p=00 01 10 11 s
Go Go G; G; Hp 0
Gy Go G; G; Hp 1
Hp Gy Ho Hp H; 0
H; Gy Hyop Hp H; 1

[ Figure 6.45 from the textbook |



State table for the Moore-type serial adder FSM

Present Nextstate Output
state ab =00 01 10 0 S
H 1 G 1 H 0 HO H | |
Present Nextstate
state ab=00 01 10 11 Output
y2y1 YY) S
00
01
10
11

[ Figure 6.45 & 6.46 from the textbook ]



State table for the Moore-type serial adder FSM

Present Nextstate Output
state ab =00 01 0 11 S
Gl GO Gl Gl H, |
Hl Gl HO HO H1 |
Present Nextstate
state ab=00 01 10 11 Output
Y2y1 YY) S
00 00 01 01 10 | 0
ol 00 01 01 10 | I
10 01 10 10 11 | 0
t 01 10 10 11 | 1

[ Figure 6.45 & 6.46 from the textbook ]



State-assigned table
for the Moore-type serial adder FSM

Nextstate
Present
state | ab=00 01 10 11 | Output
y2yi Y, Y, \)
00 00 01 01 10 0
01 00 01 01 10 1
10 01 10 10 11 0
11 01 10 10 11 1

[ Figure 6.46 from the textbook |



Deriving Y1, Y2, and s

Y2

Vi

Nextstate
Present
state | ab=00 01 10 11 | Output
y2Vyi Y, Y, \)
00 00 01 O1 10 0
01 00 01 O1 10 1
10 01 10 10 11 0
11 01 10 10 11 1




Deriving Y,

Y2

Vi

Nextstate
Present
state | ab=00 01 10 11 | Output
y2Vyi Y, A
00 0 1 1 0 0
01 0 1 1 0 1
10 | 0 0 1 0
11 1 0 0 1 1




Deriving Y,

Nextstate
Present
state | ab=00 01 10 11 | Output
y2Vy1 Y, \)
00 0 1 1 0 0
01 0 1 1 0 1
10 1 0 0 1 0
11 1 0 0 1 1

Y2 | Vi Y, | Y,
0O 0
0O 1
010 1
0O 0
01 0
01 1
01 1
01 0
1[0 1
1[0 0
1[0 0
1[0 1
1 {1 1
1 {1 0




Deriving Y,

ab

Nextstate

Present
state | ab=00 01 10 11 | Output
y2y1 Y, \)
00 0 1 1 0 0
01 0 1 1 0 1
10 1 0 0 1 0
11 1 0 0 1 1
N

00 01 11 10
00
01
11
10

Y2 | Vi Y| Y,
0O 0
0O 1
010 1
0O 0
01 0
01 1
01 1
01 0
1[0 1
1[0 0
1[0 0
1[0 1
1 {1 1
1 {1 0




Deriving Y,

ab

Nextstate

Present

state | ab=00 01 10 11 | Output
y2y1 Y, \)
00 0 1 1 0 0
01 0 1 1 0 1
10 1 0 0 1 0
11 1 0 0 1 1
N

00 01 11 10
00|l ool 1]1

oil 11 lo]o
mloflo] 1|1
ol 1]1]lo]o

Y2 | Vi Y, | Y,
0O 0
0O 1
010 1
0O 0
01 0
01 1
01 1
01 0
1[0 1
1[0 0
1[0 0
1[0 1
1 {1 1
1 {1 0




Deriving Y,

ab

Nextstate

Present

state | ab=00 01 10 11 | Output
y2yi Y, A
00 0 1 1 0 0
01 0 1 1 0 1
10 1 0 0 1 0
11 1 0 0 1 1
N

00 01 11 10
00|l olofl1]1

otll1 | 1]l o] o
mloflol1 |1
woflt | 1]lo]fo

Y2 | Vi Y| Y,
0O 0
0O 1
010 1
0O 0
01 0
01 1
01 1
01 0
1[0 1
1[0 0
1[0 0
1[0 1
1 {1 1
1 {1 0
1 {1 0




Deriving Y,

Nextstate
Present
state | ab=00 01 10 11 | Output
Y2y1 Y \)
00 ol [o |o |1 0
01 o (o |o |1 1
10 o |1l | 1 |1 0
11 o |11 | 1 |1 1

Y2 | Vi Y| Y,
0O 0
0O 1
010 1
0O 0
01 0
01 1
01 1
01 0
1[0 1
1[0 0
1[0 0
1[0 1
1 {1 1
1 {1 0




Deriving Y,

Nextstate
Present
state | ab=00 01 10 11 | Output
y2yi Y \)
00 ol o |o |1 0
01 ol o |o |1 1
10 ol |1l | 1] |1 0
11 o |11 | 1 |1 1

Y2 | Vi Y, | Y,
0O 0|0
010 110
010 110
010 0| 1
01 0|0
01 110
01 110
0|1 0| 1
1[0 110
110 0|1
1[0 0|1
1[0 111
1|1 110
1|1 0|1




Deriving Y,

Nextstate
Present
state | ab=00 01 10 11 | Output
Y2y1 Y \)
00 ol [o |o |1 0
01 o |o | o |1 1
10 o |1 | 1l |1 0
11 o |11 | 1 |1 1
N
ab
00 01 11 10
00
01
11
10

Y2 | Vi Y| Y,
0O 0|0
010 110
010 110
010 0|1
01 0|0
01 110
01 110
0|1 0|1
1[0 110
110 0|1
1[0 0|1
1[0 111
1|1 110
1|1 0|1




Deriving Y,

Nextstate
Present
state | ab=00 01 10 11 | Output
Y2y1 Y \)
00 ol [o |o |1 0
01 o |o | o |1 1
10 o |1 | 1l |1 0
11 o |11 | 1 |1 1
N
ab
00 01 11 10
001 O 0 0 0
orl o [ o 1] 1
11 1 1 1 1
10 O 0 1 1

Y2 | Vi Y| Y,
0O 0|0
010 110
010 110
010 0|1
01 0|0
01 110
01 110
0|1 0|1
1[0 110
110 0|1
1[0 0|1
1[0 111
1|1 110
1|1 0|1




Deriving Y,

Nextstate
Present
state | ab=00 01 10 11 | Output
y2yi Y \)
00 ol [o |o |1 0
01 o |o | o |1 1
10 o |1 | 1l |1 0
11 o |11 | 1 |1 1
N
ab
00 01 11 10
001 O 0 0 0

Y2 | Vi Y| Y,
0O 0|0
010 110
010 110
010 0|1
01 0|0
01 110
01 110
0|1 0|1
1[0 110
110 0|1
1[0 0|1
1[0 111
1|1 110
1|1 0|1




Deriving Y,

Nextstate
Present
state | ab=00 01 10 11 | Output
y2yi Y \)
00 ol [o |o |1 0
01 o |o | o |1 1
10 o |1 | 1l |1 0
11 o |11 | 1 |1 1
N
ab

001 O 01 01O

Y, =ab + ay, + by,

Y2 | Vi Y| Y,
0O 0|0
010 110
010 110
010 0|1
01 0|0
01 110
01 110
0|1 0|1
1[0 110
110 0|1
1[0 0|1
1[0 111
1|1 110
1|1 0|1
1|1 0|1




V2

Vi

Deriving s
Present Nextstate

state | ab=00 01 10 11 | Output
y2Vy1 Y)Y, )
00 00 01 O1 10 0

01 00 01 01 10 1

10 01 10 10 11 0

11 01 10 10 11 1




Y2

Vi

Deriving s
Present Nextstate

state | ab=00 01 10 11 | Output
y2yi Y)Y, )
00 00 01 O1 10 0

01 00 01 01 10 1

10 01 10 10 11 0

11 01 10 10 11 1




Deriving s
Present Nextstate

state | ab=00 01 10 11 | Output
y2yi Y>Y, \)
00 00 01 01 10 0

01 00 01 01 10 1

10 01 10 10 11 0

11 01 10 10 11 1

Y2

Vi




Deriving s
Present Nextstate

state | ab=00 01 10 11 | Output
y2yi Y)Y, )
00 00 01 01 10 0

01 00 01 01 10 1

10 01 10 10 11 0

11 01 10 10 11 1

Y2 Vi s
0 0 0
0 | 1
1 0 0
1 1 1
s v,
1 0 1
0 0 0




Deriving s
Present Nextstate

state | ab=00 01 10 11 | Output
y2yi Y)Y, )
00 00 01 01 10 0

01 00 01 01 10 1

10 01 10 10 11 0

11 01 10 10 11 1

Y2 Vi s
0 0 0
0 | 1
1 0 0
1 1 1
s v,
1 0 1
0 0 0




State-assigned table
for the Moore-type serial adder FSM

Nextstate
Present

state | ab=00 01 10 11 | Output
Y2yi Y, Y, \)
00 00 01 O1 10 0
01 00 01 O1 10 1

10 O1 10 10 11 0

11 O1 10 10 11 1

S=Yi

[ Figure 6.46 from the textbook |



Circuit for the Moore-type serial adder FSM

Sum bit Y, Y1
a —= D Q—= s
b Full
adder Carry-out -
Y ¥
D Q
Clock ‘ > (_2
Reset . ?
Y, =aebey, (sum bit from FA)

Y, = ab + ay, + by, (carry bit from FA)
S=Yi

[ Figure 6.47 from the textbook |



Circuit for the Mealy-type serial adder FSM

a —= - g
b Full
adder Y y
e carry-out
Clock
Reset
s = XOR(XOR(a,b), y) (sum bit from FA)
Y =ab + ay + by (carry bit from FA)

[ Figure 6.43 from the textbook ]



Questions?



THE END



