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Administrative Stuff

HW4 is out
It is due on Monday Sep 23 @ 4pm.

Please write clearly on the first page (in block
capital letters) the following three things:

= Your First and Last Name
= Your Student ID Number
= Your Lab Section Letter

Also, staple all of your pages together



Administrative Stuff

« HW4 typo in P7.c
* Originally it said SOP instead of POS

 This has now been corrected on the web page



Administrative Stuff

HWS is out
It is due on Monday Sep 30 @ 4pm.

Please write clearly on the first page (in block
capital letters) the following three things:

= Your First and Last Name
= Your Student ID Number
= Your Lab Section Letter

Also, staple all of your pages together



Administrative Stuff

Midterm Exam #1

When: Friday Sep 27.

Where: This classroom

What: Chapter 1 and Chapter 2 plus number systems

The exam will be closed book but open notes
(you can bring up to 3 pages of handwritten notes).

Sample exams are posted on the class web page



Topics for the Midterm Exam

Binary Numbers

Octal Numbers

Hexadecimal Numbers

Conversion between the different number systems
Truth Tables

Boolean Algebra

Logic Gates

Circuit Synthesis with AND, OR, NOT

Circuit Synthesis with NAND, NOR

Converting an AND/OR/NOT circuit to NAND circuit
Converting an AND/OR/NOT circuit to NOR circuit

SOP and POS expressions



Topics for the Midterm Exam

Mapping a Circuit to Verilog code
Mapping Verilog code to a circuit

Multiplexers
Venn Diagrams
K-maps for 2, 3, and 4 variables

Minimization of Boolean expressions using theorems
Minimization of Boolean expressions with K-maps

Incompletely specified functions (with don’t cares)
Functions with multiple outputs

Something from Star Wars



Quick Review



The Combining Theorems
of Boolean Algebra

l4a. x'y+x°§=x
14b. (x + y)*(x +¥)



One-Variable K-map

(a) Truth table (b) Karnaugh map



One-Variable K-map

0|1 0 1
0 o

X1

(a) Truth table (b) Karnaugh map



Two-Variable K-map

X1 % X4
%2

0O O m,, 0 1
0 1 m, 0| my [ m,
1 O m,

1 | m m
1 1 | m, o B
(a) Truth table (b) Karnaugh map

[ Figure 2.49 from the textbook ]



Two-Variable K-map

1
X
2 0 1
)
0 1 0 -
f = x, + x
2
1 1 1
s |

[ Figure 2.50 from the textbook ]



These are all valid groupings




These are also valid

X X X X
1 1 1 1
*2 0 1 *2 0 1 *2 0 1 *2 0 1
0 || Mp)| My 0 | My | My 0 | My |{ My 0 | Mg | My
1 | my [ my 1 || my || ms 1 | my | my 1 | my [{m,

But try to use larger rectangles if possible.




These two are not valid

5 5o

S
N

<




Three-Variable K-map

X X X
1 2 3
X X
1 2
0O 0 0 m X
0 00 01 11 10
0 0 1 m1
0 m0 m2 m6 m4
0 1 0 m
2
0 1 1 m Lopmypmy pmy o my
1 0 0 m4
L o0 1 m (b) Karnaugh map
5
1 1 0 m6
1 1 1 m7

(a) Truth table

[ Figure 2.51 from the textbook ]



Location of three-variable minterms

X | X 5 X 3
x 1 r 2
0 0 0 m . X ; 00 N . .
0 0 1 m.
0 m 0 m ) m 6 m A

0 1 0 m .
0 1 1 m 3 1 m 1 m 3 m . m S
1 0 0 m,
oo m (b) Karnaugh map
1 1 0 m
1 1 1 m ]

! Notice the placement of
(a) Truth table = Variables

= Binary pair values
= Minterms



Adjacency Rules

x.xl.xz
300 01 11 10
\\__/
\\//
1 my | msz | m; | Mmsg

N o

As if the K-map were

adjacent drawn on a cylinder

columns



Adjacency Rules

xxlxz
300 01 11 10
\\__/
0 my my|mg | my my my %
N L
L my my | mg ms ms m;

" L

As if the K-map were

adjacent drawn on a cylinder

columns



Three-Variable K-map

ofofolC] 1) .—'_—._
L] D)) o 0(1__‘”"—-—'

(a) The function of Figure 2.23

XXy
X
3 00 01 11 10
(\
OQ BNER D 1
{0 o fo| f:"""h"l‘_‘l_l

(b) The function of Figure 2.48

[ Figure 2.52 from the textbook ]



Two Different Ways to Draw the K-map

X X X
1 2 3
X X
1 2
0 0 0 X
"o 3 00 01 11 10
0o 0 1 m
O | My | My e | Ty
0 1 0 m
2
0 1 1 m . 1 m., m . m. m
1 0 0 m.,
10 1 m (b) Karnaugh map
1 1 0 m
X2X3
1 1 1 m.
X1 00 01 11 10
(a) Truth table O my | my m; | m,




Another Way to Draw 3-variable K-map

(a) Truth table

1

X

2

00

01

11

10

(b) Karnaugh map

X1

XoX3

00

01

11

10

0 1
mg my
m; M5
ms mz
m, Mg




Gray Code

+ Sequence of binary codes
« Consecutive lines vary by only 1 bit

000
001
00 011
01 010
11 110
10 111
101

100



Gray Code & K-map

S X1 X,
000
001
010
011
100

101
110

111

S X
00 01 11 10
1 | my | mg | my | Mg




Gray Code & K-map

S X1 X,
000
001
010
011
100

101
110

111

X)

S X

00 01 11 10
O | 000 | 010 | 110 | 100
1 oo1 o011 | 111 | 101




Gray Code & K-map

S X X,

000
001
010
011
100
101
110

111

S X;

Xy | 00 01 11 10
0 @ 010 | 110 | 100
1 @1/ 011 | 111 | 101

These two neighbors

differ only in the LAST bit




Gray Code & K-map

S X X,

000
001
010
011
100
101
110

111

S X;
X200 01 11 10

)

O | 000 | 010 |[110) 100

1 | o001 | o011 [\111) 101

€

These two neighbors
differ only in the LAST bit




Gray Code & K-map

S X X,

000
001
010
011
100
101
110

111

S X;
X200 01 11 10

0O @ 000 @0 1@ 100

1 | o001 | o11 | 111 | 101

These two neighbors
differ only in the FIRST bit




Gray Code & K-map

S X1 Xy
000
001
010
011
100

101
110

111

S X

XD 00 01 11 10
O | o000 010 | 110 | 100
001 101

1 011 | 111 L

These two neighbors
differ only in the FIRST bit




Gray Code & K-map

S X1 Xy
000
001
010
011
100

101
110

111

Y
X2~ 00 01 11 10
O | 000 (010 118 100
001 | 011 | 111//| 101
I J

These four neighbors

differ in the FIRST and LLAST bit

They are similar in their MIDDLE bit




A four-variable Karnaugh map

X X
172
X X
3 4 00 01 11 10
00 m., m m i, 8
01 m m m s 9
11 m 4 m m s 1
10 m., m m 4 10

[ Figure 2.53 from the textbook ]



A four-variable Karnaugh map

mO

m1

m2

01 11 10

00

m3

m4

m5

mo6

m7

m38

m9

m10
m11
m12
m13
m14
m15

10

X2 X3 x4

x1




Gray Code & K-map

mO

10

11

01

00

11

10

15

14

m3

m4

m5

mo6

m7

m38

m9

11

m10
m11

m12
m13

10

m14
rrn15

X2 X3 x4

x1




Gray Code & K-map

X1 x2 x3 x4

O 0 O O mO
O 0 0 1 m-1
O 0 1 O m2
o o0 1 1 m3
O 1 0 O m4
o 1 0 1 m5S
o 1 1 O m6
o 1 1 1 m7
1 0 O O m8
1 0 0 1 m9
1 0 1 0| mi0
1 0 1 1| mi1
1 1 0 0| mi2
1 1 0 1| mi3
1 1 1 0| mi4
1 1 1 1| mis5

00

01

11

10

00 01 11 10

0000 = 0100 | 1100 | 1000
0001 = 0101 | 1101 | 1001
0011 | o111 | 1111 | 1011
0010 = 0110 | 1110 | 1010




Adjacency Rules

adjacent
columns

142
00 01 11 10
00 my  my | mp mg \
o1 my  ms m13» My
11 my  myg | ms my
10 My Mg | My My

adjacent
columns

adjacent
TOWS



Adjacency Rules

B3 00 01 1110

01 ml m5 I’I113 m9

00 my | my | my, mg \

10 | my Mg | My My
adjacent
columns

adjacent
TOWS

As if the K-map were
drawn on a torus



Adjacency Rules

X142
XAX
374 00 01 11 10
00 mgy my | my, mg \
m m m m
01 l S 13 9 adjacent
TOWS
10 My Mg | My My

adjacent
columns

As if the K-map were
drawn on a torus



Example of a four-variable Karnaugh map
.VI.Yq

XA~ X
374 01

[ Figure 2.54 from the textbook ]



Example of a four-variable Karnaugh map

[ Figure 2.54 from the textbook ]



Example of a four-variable Karnaugh map

[ Figure 2.54 from the textbook ]



Example of a four-variable Karnaugh map
.\'] .\'2

[ Figure 2.54 from the textbook ]



Example of a four-variable Karnaugh map
.\'] .\'2

[ Figure 2.54 from the textbook ]



Example of a four-variable Karnaugh map
.\'] .\'2

s

.\'3 + .\'] X 4

[ Figure 2.54 from the textbook ]



Other Four-Variable K-map Examples

'\l'\Z
XL X
374 00 01 11 10
olololo]o
ol o | o Q D
al Yol olllr |
lO_ I 0 0 | i
| L | 1
fi = XXz + X X3,
\l.\'q
X, X
304 00 01 11 10
ool Df oot ]
oy o 0 0 0
afl (00 ) o
o || 1 ]\0 €
- \
! 1 1 I 1
J3 = XpXg + X Xy + Xy X3 %,

X3 Xy

'\l'\l
00 01 11 10
oolololol]o
/7
ot o | o |1 1]
1 (1 e lh
\,
10 Ll 1 1 IJ
. | o O |
fr = x3+x,x,
\l.\'z
00 01 11 10
00 [1 ll] N o
01 Ll LIJ || o
il oll o [1 1)
o] ofl o Llj 1
| —
T R R
Ja = X X3 +Xx,x3+ o1
x2f3

[ Figure 2.54 from the textbook ]



Strategy For Minimization



Grouping Rules

Group “1”s with rectangles

Both sides a power of 2:
= 1x1, 1x2, 2x1, 2x2, 1x4, 4x1, 2x4, 4x2, 4x4

Can use the same minterm more than once
Can wrap around the edges of the map

Some rules in selecting groups:
= Try to use as few groups as possible to cover all “1”s.

= For each group, try to make it as large as you can (i.e., if
you can use a 2x2, don’t use a 2x1 even if that is enough).



Terminology

Literal: a variable, complemented or uncomplemented

Some Examples:



Terminology

* Implicant: product term that indicates the input
combinations for which the function output is 1

 Example

" X4 - indicates that ;1;2 and ;1x2 yield output of 1




Terminology

* Prime Implicant

* Implicant that cannot be combined into another implicant
with fewer literals

= Some Examples

X1% X1%
300 01 11 10 3 00 01 11 10
. * r ~
o o1 1]1 o ol 1] 1]1
1 1 1 1 0 1 111 1]o0
\_ J

Not prime Prime



Terminology

« Essential Prime Implicant

* Prime implicant that includes a minterm not covered by
any other prime implicant

= Some Examples




Terminology

« Cover

= Collection of implicants that account for all possible input
valuations where output is 1

= EX.  Xq XoX3 * XqXoX3' + XXy X3’
= Ex. Xq XyX3 *+ X4X3’

X1%
300 01 11 10




Example

* Give the Number of
* Implicants?
* Prime Implicants?
= Essential Prime Implicants?

00 01 11 10




Why concerned with minimization?

« Simplified function

* Reduce the cost of the circuit

= Cost: Gates + Inputs
* Transistors



Three-variable function (x4, X,, X3) =>m(0, 1, 2, 3, 7)

1 2
X
3 00 01 11 10
|
0o | 1 1 0 0
11Q1>0
); X X
1 2 3

[ Figure 2.56 from the textbook ]



Example

X 172

374 00 01 11 10
00 1 1
01 1 1
11 1 1
10 1 1




00

01

11

10




00

01

11

10




01
00 ED X1 X3Xy
01 63 X)X3Xy
11 CD—— X1X3%4
10 (? (1)

f= X X3Xy + X,X3X, + X X3X, + X,X3Xy



Example: Another Solution

374 00 01 11 10
00 1 1
01 1 1
11 1 1
10 1 1




Example: Another Solution

X 172

374 00 01 11 10
00 1 1
01 1 1
11 1 1
10 1 1 !

[ Figure 2.59 from the textbook ]



Example: Another Solution

X 172

374 00 01 11 10
00 1 1
01 1 1
11 1 1
10 \ 1 1
X X5Xy X Xy Xy

X1XpX3 X1X2%3



Example: Another Solution

X 172

374 00 01 11 10
00 1 1
01 1 1
11 1 1
10 \ 1 1
X X5Xy X Xy Xy

X1XpX3 X1X2%3



Example: Both Are Valid Solutions

N h
10 |1 1
] - -
X1X2X4 X1X2X4
X1 Xy X3 X1X2%3

[ Figure 2.59 from the textbook ]



Example: Both Are Valid Solutions

XXy Xy XXX,
X1X2%3 X1 X2%3
f= X X3Xy + X,X3X, + X;X3X; + X,X3Xy



Example:
Incompletely Specified Function



Three Ways to Specify the Function
f(x,, X,, X3, X,) = > m(2,4, 5,6, 10) + D(12, 13, 14, 15)

X4 X X3 Xg4 f

0000 my

00 mo m4 m12 m

m7 01 1 5 13 9

Mo 11 m 4 mo, | mys My

M4 1o m m m m

e e e e G G Y e e === =)

_ e e = OO0, =00

- =S OO0 R OO0 OO0

N e S O o S O o S N o S N o I O o I N o
3



Three Ways to Specify the Function

f(x,, %, X3, X,) = =m(2,4,5,6,10) + D(12, 13, 14, 15)

X4 Xy X3 X4

0000

G N N Y N Y e === ==
- e e =) OO0 OO0
_ e OO0 OO0 OO0
S O OO0 OO0 =

f




SOP implementation

X142
BN 00 o1 11 10
ool o [[1 ] dall o
otf o |l1|allo 2%
il olofalo
ol |1]d]1 X3 X,

(a) SOP implementation

[ Figure 2.62 from the textbook ]



POS implementation

X%
B4 00 o1 11 10
‘ (X% + X3)
00 o 1 d o
oL 0 1 d 0
1m0 o d o (X3 + X,)
0w 1 1 4 1

(b) POS implementation

[ Figure 2.62 from the textbook ]



Example:
A circuit with multiple outputs



o el e
(- — I ad

Seven-Segment Indicator

b a
- [—
: - fl lb
Logic d “
Tt . [
circuit € el 2 lC
j [
0 d

(a) Logic circuit and 7-segment display



Seven-Segment Indicator

g | © O ™ v v v v ) v
| = O O O e e O e e
v |- O - 0 O O = O = O
W O e e O e e D e
S| o O o e e e e -
O T T T R S O o o
T | = O == O = = = =
w | @O 0 - © = O — O —
s |l - = 0 O =~ = OO
= | © © © © = = = =~ O O
w0 00 O 00 O — -
O™ rum X uwor-oon

a_ _g_d

=

S| v || v ]

Logic
circuit

(a) Logic circuit and 7-segment display

(b) Truth table



Seven-Segment Indicator

—_ -~

80
v _—0 - O O O = O - O
.l\llo 1111111
UIOIIO lllll
o

S|loe — =0 o~ ~0o0
Sloc oo === ~0o0
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Seven-Segment Indicator
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Seven-Segment Indicator

v |~ 0O ~ 0 00 ~ O = O e W
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o™ ))))111100 01111
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SO © O © © © © O v w — o

QO™ rum I o r- oo




Seven-Segment Indicator

10

10
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Seven-Segment Indicator
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Seven-Segment Indicator

10

11

10

11

o

< Ye) ~ o —
S| = S S = o
o — o N (@)
S g g g g o
o [\
= >~ 0_1 —
<7 8 3 = = S S o
(ew]
= <
i o
= <
S0 C O v = - - - D e e O OO O T O
S~ _— 0 OO o e O o DT OO OO
V) _—0 - O OO -0 -0 oo T oo
o P e B R T T R p— ool olholho o)
< e R e R e R I o o Bio B o B o B o)
TS| = O == O = = = = - T T T T T T
Pl - 0O = 0O =~ 0O =0 =~ OO O —
- DD e e DD e e OO == OO
_\n._ O OO O e e e OO OO
SO 0O 0 0 O 0O 0 O o o




Seven-Segment Indicator
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In this case all d's were treated as 1's.



Seven-Segment Indicator
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Seven-Segment Indicator
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Seven-Segment Indicator
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Seven-Segment Indicator

[ |
” > = = NEO © .fd\
= = S & g
e « o = = =]l = = ||~
- S S S S
< " ~ Nel — —
S| = S s S ofl < < <
o — o N (@)
S| = g 3 S S| < < |~
o &\
R _ > 1 - -
o3 S o — S VA3 (@) -} i m
(ew]
= <
i o
= <
S0 C O v = - - - D e e O OO O T O
S~ _— 0 OO o e O o DT OO OO
v -0 - O O O = O - O U o T v T o
o P e B R T T R p— ool olholho o)
< e R e R e R I o o Bio B o B o B o)
ru l”ll” lllll — p— p— p— p— p—
Pl - 0O = 0O =~ 0O =0 =~ OO O —
- DD e e DD e e OO == OO
_\n_ OO OO e e e - OO0 OO
SO 0 00 O 0 0 O o =
O™ rum > unor-ooon




Seven-Segment Indicator
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In this case some d's were treated as 1's, others as O's.
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(c) The Karnaugh maps for outputs a and e.

01

He A

a = XrXp+X| + XX + X3

X3X,

X 1X0



Another Example



X1X2 X1X2

X, X X3X4

374 00 01 11 10 00 01 11 10

[

00 1|1 00 1 1
01 (1 1) 1 01 1 1
11 1 1t [(il] 1)
101 |1 101 | 1

(a) Function £ (b) Function 7,

[ Figure 2.64 from the textbook ]
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(a) Function £ (b) Function 7,



X1X2 X1X2

X, X X3X4

374 00 01 11 10 00 01 11 10

[

00 1|1 00 1 1
01 (1 1) 1 01 1 1
11 1 1t [(il] 1)
1001 |1 101 | 1

(a) Function £ (b) Function 7,

X1 X3



X1X2 X1X2

X, X X3X4

374 00 01 11 10 00 01 11 10

[

00 1|1 00 1 1
01 (1 1) 1 01 1 1
11 1 1t [(il] 1)
1001 |1 101 | 1\

(a) Function £ (b) Function\ 7,

X1 X3



X%

374 00 01 11

10

00 11
01 Q 1D 1
11 1
10,1 1

(a) Function £

X1 X3

X%

BM 00 01 1110
00 11
01 L)
IS RICHIED)
01 1

(b) Function\ £,
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B4 00 o1 1110
00 11
01 CHIDIN
1t
01 n

(a) Function £,

X1 X3

X1X2
3% 00 01 11 10

\OQ_\ 1 1 |
01 | |
(1 Gl D
101 1 1\

(b) Function\ 7,
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B4 00 o1 1110
00 11
01 CHIDIN
1t
01 n

(a) Function £,

X1 X3

X1 X3

X1X2
3% 00 01 11 10

\OQ_\ 1 1 |
01 | |
(1 Gl D
101 1 1\

(b) Function\ 7,
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X, X X1X2 X5, X
374 00 01 11 10 X1 X3 374 00 01 11 10
01 G 1)1 01 11
1 T _ n 1 Q D
i Xnh X2 X -
01 1 22324 /ﬁ Ly
| Xy X3 Xy

(a) Function £

X1 X3

(b) Function\ 7,



X, X

X, X 1% R X, X 172
374 00 01 11 10 X1 X3 374 00 01 11 10
01 (1 1) 1 01 1 |1
1 T _ n 1 Q D
i Xnh X2 X 18
001 1 22324 /ﬁ Ly
| Xy X3 Xy
(a) Function £ (b) Function\ 7,
X2 —l_
— D—
X1 X x. —
1 A3 4 f, Xl X3
X1 —_—
X3 —
' D
X3 — |
f2
X3 —_/
v,

(c) Combined circuit for /] and £,



X, X

X, X — 172

X, X 172 X3X4

374 00 01 11 10 X1 X3 00 01 11 10
00 1
01 (1 1
111 1
101 1

(a) Function £
Xl X3
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(c) Combined circuit for /] and £,



X, X

X\ X, .y 1%
X35 00 01 11 10 374 o0 o1 11 10
00 1
01 (1 1
11 1 1
1011 1
(a) Function £
X1 X3

X2—L
Xj—r_/

(c) Combined circuit for /] and £,



Im 1 |1

101 1

(a) Function £

X1 X3

X2—L
Xj—r_/

(c) Combined circuit for /] and £,



X, X

X, X — 172

X, X 172 X3X4

374 00 01 11 10 X1 X3 00 01 11 10
00 1
01 (1 1
111 1
101 1

(a) Function £
Xl X3

H
X3 } )

(c) Combined circuit for /] and £,




X, X X1X2
X, X 172 X3X4
374 00 01 11 10 00 01 11‘10
[
00 1 1 00 1 1
01 (1 1) 1 01 1 1
11 1 1 11 (1 1)
101 1 101 1 | 1
(a) Function £; (b) Function £,
2L
D—
X, I
f
X1 —_—
:Y3 e
X, —
X3 —
1.
2
% _[_—\
X3 —_/
x I

(c) Combined circuit for /] and £,
[ Figure 2.64 from the textbook ]



Yet Another Example



Individual vs Joint Optimization

1|1 l1__1J 1| 1 L__J

10 1 10 1

(a) Optimal realization of £3 (b) Optimal realization of 7
X1% X%

BUN 00 01 1110 BMN 00 01 1110
00 00
o1f 1 1 1 or1| 1 1 1
11{ 1 1 1 11| 1 1 1
10 1 10 1

(c) Optimal realization of £; and £, together

[ Figure 2.65 from the textbook ]



Individual vs Joint Optimization

BAUNC00 01 1110 BAUN 00 01 11 10
00 00
or| 1| 11 01] 1 1|1
1|1 | 1| 1| 1 His
10 | 10 |

(c) Optimal realization of #; and £, together

P—‘Nl

}

}. }f3
)

D_

] Ly o,

(d) Combined circuit for £; and £,

[ Figure 2.65 from the textbook ]



Individual vs Joint Optimization

X1 X X1 4%

BAUNC00 01 1110 BAUN 00 01 11 10
00 00
o1 1 11
1|1 (L1
10

(d) Combined circuit for £; and £,

[ Figure 2.65 from the textbook ]



Individual vs Joint Optimization

X1 X X1 4%

BAUNC00 01 1110 BAUN 00 01 11 10
00 00
o1 1 11
1|1 (L1
10

(d) Combined circuit for £; and £,

[ Figure 2.65 from the textbook ]



Questions?



THE END



