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2-1 Multiplexer (Definition)

Has two inputs: x; and X,

Also has another input line s

If s=0, then the output is equal to x;

If s=1, then the output is equal to x,



Graphical Symbol for a 2-1 Multiplexer

[ Figure 2.33c from the textbook ]



Truth Table for a 2-1 Multiplexer

sx1 % || S8, x5, X))
000 0
001 0
010 1
011 1
100 0
101 1
110 0
111 1

[ Figure 2.33a from the textbook ]



Let’s Derive the SOP form

sx % || S8, x5, X))
000 0
001 0
010 1
011 1
100 0
101 1
110 0
111 1




Let’s Derive the SOP form




Let’s Derive the SOP form

Where should we
put the negation signs?

S X7 X,

S X7 X,

S X; X,

S X7 X,



Let’s Derive the SOP form

S X7 X5

SX; X,

S X; X5

S X7 X,



Let’s Derive the SOP form

S X7 X5

SX; X,

S X; X5

S X7 X,

JOs, X %)= Sx;X, + XX+ SX; X, + 85X X,



Let’s simplify this expression

SO, X %)= Sx;X, +5X, X, + SX; X, + 8SX; X,



Let’s simplify this expression

SO, X %)= Sx;X, +5X, X, + SX; X, + 8SX; X,

8, % %) = sx; 00+ %) + 5(X+x;)x;



Let’s simplify this expression

SO, X %)= Sx;X, +5X, X, + SX; X, + 8SX; X,

8, % %) = sx; 00+ %) + 5(X+x;)x;

f(s,x; %)= sx; + sx,



Circuit for 2-1 Multiplexer
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f
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(b) Circuit (c) Graphical symbol

fls,x; %)= sx;, + sx,

[ Figure 2.33b-c from the textbook ]



Analysis of the 2-1 Multiplexer
(when the input s=0)
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Analysis of the 2-1 Multiplexer
(when the input s=1)




Analysis of the 2-1 Multiplexer
(when the input s=0)



Analysis of the 2-1 Multiplexer
(when the input s=1)



More Compact Truth-Table Representation

S X1 X f(S, X1, Xz)

000 0
001 0
S f(SaxlaxZ)
010 1
X1
011 1
1 x
100 0
101 1
110 0
111 1

(a)Truth table

[ Figure 2.33 from the textbook ]



4-1 Multiplexer (Definition)

Has four inputs: w,, w,, w,, w,
Also has two select lines: s, and s

If s,=0 and s,=0, then the output f is equal to w,
If s,=0 and s,=1, then the output f is equal to w,
If s,=1 and s;,=0, then the output f is equal to w,
If s,=1 and s,=1, then the output f is equal to w,



Graphical Symbol and Truth Table

50

$1 S1 S f

Wo 00 0 0 wo

Sl A R

W2 N 1 O Wh

3 1 1 | wy
(a) Graphic symbol (b) Truth table

[ Figure 4.2a-b from the textbook ]



The long-form truth table



518

L | |

0
L
0
0
(N
L

0

a
|
|

Q0

{0

0

QO

{

0

0
!

0

0
|

d

0

0

0

LLL In

F

L
{
{
1l
0
{
U

{

0
0
o

0

0
]

(A

0

0

)

n

0
I

0

0

i

0

i

S1Sn

I Iz 1 lnll S1 80

| 0O

0
(}]
o
0
0
0
0

0

0
L
|
|
0

{

0

{

{
{
I
I

o

0

u

0

The long-form truth table
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[http://www.absoluteastronomy.com/topics/Multiplexer]



4-1 Multiplexer (SOP circuit)

—) >

f =818SgWo+S;Sgw; +8;Sg W, + 8559 W3

[ Figure 4.2¢ from the textbook ]



Analysis of the 4-1 Multiplexer
(s4=0 and s,=0 )
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Analysis of the 4-1 Multiplexer
(s4=0 and s,=0 )
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Analysis of the 4-1 Multiplexer
(s4=0 and s,=0 )

SO @ Dc @ | W()
1 4 Dc 9 1
>




Analysis of the 4-1 Multiplexer
(s4=0 and s,=0 )

SO @ Dc @ | W()
1 4 Dc 9 1

Wo
=D




Analysis of the 4-1 Multiplexer
(s4=0 and s,=1)

50 >0 0 0
1 4 Dc 9 1

Wi
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Analysis of the 4-1 Multiplexer
(s4=1 and s,=0)

S0 >0 | 0

51 < Dc 9

0 W,
e
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Analysis of the 4-1 Multiplexer
(s4=1and sy,=1)

50 >0 0 0

51 < Dc 9

0 W3
e

0




Analysis of the 4-1 Multiplexer
(s4=0 and s,=0 )




Analysis of the 4-1 Multiplexer
(s4=0 and s,=1)




Analysis of the 4-1 Multiplexer
(s4=1 and s,=0)
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Analysis of the 4-1 Multiplexer
(s4=1and sy,=1)



Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer

N
0
f
1

[ Figure 4.3 from the textbook ]



Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer

?
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Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer

?

>0




Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer

4




Using three 2-to-1 multiplexers
to build one 4-to-1 multiplexer

Wo




That is different from the SOP form of the 4-1
multiplexer shown below, which uses less gates

=




Analysis of the Hierarchical Implementation
(s4=0 and s,=0)

0
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[ Figure 4.3 from the textbook ]



Analysis of the Hierarchical Implementation
(s4=0 and s,=1)

[ Figure 4.3 from the textbook ]



Analysis of the Hierarchical Implementation
(s4=1and s,=0)

1
51
0
50
[ —
0
W
W1 1
PEE
f
0 ’
Wo

[ Figure 4.3 from the textbook ]



Analysis of the Hierarchical Implementation
(s4=1and s,=1)

[ Figure 4.3 from the textbook ]



16-1 Multiplexer
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[ Figure 4.4 from the textbook ]



Multiplexers Are Special



The Three Basic Logic Gates

X X Xl X2 X + Xy
‘ > : Xy — Xy

NOT gate AND gate OR gate

[ Figure 2.8 from the textbook ]



Truth Table for NOT

S = | =]



Truth Table for AND

—O - O

O O O



Truth Table for OR

O = O




Building an AND Gate with 4-to-1 Mux
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Building an AND Gate with 4-to-1 Mux

xl B
. — 1712
2

)
r1 ro r1 - I9 xl
0 0 0 0 | —
0 1 0 0
1 0 0 0 |— !
1 1 1 1

These two are the same.



Building an AND Gate with 4-to-1 Mux

I Iro ry - Iro9 xl

0 0 0 0 |—

0 1 0 0

1 0 0 0 |— !
11 1 )

These two are the same.
And so are these two.



Building an OR Gate with 4-to-1 Mux

X+ X
1 7%
X2

— O = O




Building an OR Gate with 4-to-1 Mux

X+ X
1 7%
X2
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These two are the same.



Building an OR Gate with 4-to-1 Mux

X+ X
1 7%
X2

2
I I L1 + 9 x1
0 0 0 0=
0 1 1 1
f
1 0 1 1
1 1 1 1

These two are the same.
And so are these two.



Building a NOT Gate with 4-to-1 Mux

S
S = | =]




Building a NOT Gate with 4-to-1 Mux

—_— O Of =
—_— O = Ol
S O = =

Introduce a dummy variable y.



Building a NOT Gate with 4-to-1 Mux

= <
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Building a NOT Gate with 4-to-1 Mux

y
X
x y |f
0 0 |1 I
0 1 |1 . f
1 0 |0 0
1 1 |0 0

Now set y to either O or 1 (both will work). Why?



Building a NOT Gate with 4-to-1 Mux

—_ O
S = | X
=
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\

Two alternative solutions.



Implications

Any Boolean function can be implemented
using only 4-to-1 multiplexers!



Building an AND Gate with 2-to-1 Mux

O O O




Building an AND Gate with 2-to-1 Mux

O O




Building an AND Gate with 2-to-1 Mux

ry | xo ry - To X

0 | 0 0|
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Building an OR Gate with 2-to-1 Mux

X+ X
1 7%
X2

— O = O




Building an OR Gate with 2-to-1 Mux

X+ X
1 7%
X2

— OO = O



Building an OR Gate with 2-to-1 Mux

X+ X
1 7%
X2

r'1 r9 r1 + o 1

O 0 01 X2 X

0 1 1_ 7
1 0 1] 1

1|1 1




Building a NOT Gate with 2-to-1 Mux

x—{>o— %

-
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Building a NOT Gate with 2-to-1 Mux

X—[>O—7Y
X
X X
0 | 1 1
1 0 0 f




Implications

Any Boolean function can be implemented
using only 2-to-1 multiplexers!



Synthesis of Logic Circuits
Using Multiplexers



2 X 2 Crossbar switch

Xl —— = — )

Xy — = e, )

[ Figure 4.5a from the textbook ]



2 X 2 Crossbar switch

s=0
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Implementation of a 2 x 2 crossbar
switch with multiplexers

e
/]
-/
<

[ Figure 4.5b from the textbook ]



Implementation of a 2 x 2 crossbar
switch with multiplexers

A
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Implementation of a 2 x 2 crossbar
switch with multiplexers
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Implementation of a logic function
with a 4x1 multiplexer

w
W1 W2 f W2
1
0 0 0

| 0

0 1 | ,
1 0 1 1
1 1 0 0

[ Figure 4.6a from the textbook ]



Implementation of the same logic function
with a 2x1 multiplexer

1 2 W1 f
w
0 1
0|0 . W,
011 | _ NN
1 W, W2
110 1 f
111 0 L| >°—
(b) Modified truth table (c) Circuit

[ Figure 4.6b-c from the textbook ]



The XOR Logic Gate

ﬁ” %:J

Logic I 0 O 0
circuit 0 1 1
1 .
- 1 0 1
| 0
0
(a) Two switches that control a light (b) Truth table

[ Figure 2.11 from the textbook ]



The XOR Logic Gate

Logic
circuit

— O O
_—0 = O
S = = O

ﬁ” %:J

(a) Two switches that control a light (b) Truth table
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(c) Logic network (d) XOR gate symbol

[ Figure 2.11 from the textbook ]



Implementation of the XOR Logic Gate
with a 2-to-1 multiplexer and one NOT

§§_ /




Implementation of the XOR Logic Gate
with a 2-to-1 multiplexer and one NOT

T |
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Implementation of the XOR Logic Gate
with a 2-to-1 multiplexer and one NOT

T |

(the wires of the bottom AND gate are flipped)

These two circuits are equivalent Y ED |
[ -



In other words,
all four of these are equivalent!
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Implementation of another logic function

S
=
S
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[ Figure 4.7 from the textbook ]



Implementation of another logic function

S
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[ Figure 4.7 from the textbook ]



Implementation of another logic function

W W, | W, f W W, P

0O 010 0

0O 01 0 00 [,({)/
0 1 3

O 110 0 1 0 Wy

0O 1|1 1 1 1 1

1 0]0 0

1 0}1 1

1 110 1

1 1)1 1

[ Figure 4.7 from the textbook ]



Implementation of another logic function

W W, | W, f W,
i W t 2
0
0 0O O 0 0
0 1 W3 W3 I f
0 1 0 "3
0
1
1
1

p—t | = e O OO O
—_— = © O = = O
—_— O = O = O-= O

[ Figure 4.7 from the textbook ]



Another Example
(3-input XOR)



Implementation of 3-input XOR
with 2-to-1 Multiplexers

Wy Wy Wy f
0O 0 O 0
0O 0 1 1
O 1 0 1
0O 1 1 0
1 00 1
1 0 1 0
1 1T O 0
1 1 1 1

[ Figure 4.8a from the textbook ]



Implementation of 3-input XOR
with 2-to-1 Multiplexers

wi| W, Wy f
010 O 0 O
010 1 1

w, @ w-
o1 0 1>2 .
O11 1 0 -
110 O |
110 1 O>W2@W3
111 O 0
111 1 1~

[ Figure 4.8a from the textbook ]



Implementation of 3-input XOR
with 2-to-1 Multiplexers

wi| W, Wy f
0|0 O 0 Y
0]0 1 1
Wy D W
o1 o 1 il W ——
J
T B D“‘Dif
110 1 0 >W2®W3
111 O 0
111 1 1~
(a) Truth table (b) Circuit

[ Figure 4.8 from the textbook ]



Implementation of 3-input XOR
with 2-to-1 Multiplexers

RS
S
X

3

e
3
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%7 |
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—_ = O QOl= = O O
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_0 O =IO == O | N

(a) Truth table (b) Circuit

[ Figure 4.8 from the textbook ]



Implementation of 3-input XOR
with a 4-to-1 Multiplexer

W, W, Wi r
0O 0 O 0
0O 0 1 1
O 1 O |
O 1 1 0
I 0 O |
I 0 1 0
I 1 0 0
I 1 1 1

[ Figure 4.9a from the textbook ]



Implementation of 3-input XOR
with a 4-to-1 Multiplexer

W, W, | Ws r
0O 010 0
0 01 1
0O 110 |
0O 111 0
I 00 |
I 01 0
I 110 0
I 1|1 1

[ Figure 4.9a from the textbook ]



Implementation of 3-input XOR
with a 4-to-1 Multiplexer

S
=
E
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[ Figure 4.9a from the textbook ]



Implementation of 3-input XOR
with a 4-to-1 Multiplexer

S
=
E

™~

—_— e = = OO O O
— e O QO = = O
—_ O = O|= O = O
—_— OO =IO == O

(a) Truth table (b) Circuit

[ Figure 4.9 from the textbook ]



Multiplexor Synthesis
Using Shannon’s Expansion



Three-input majority function

W, Wy Wy r
0O 0 O 0
0O 0 1 0
O 1 0 0
0O 1 1 1
I 0 O 0
I 0 1 1
1 1 0 1
1 1 1 1

[ Figure 4.10a from the textbook ]



Three-input majority function

Wi | W, Wy f
00 O 0 O 2 f
010 1 0

— ()
o1 O 0

= |

o1 1 1 7
110 O 0 O
110 1 1

-
111 O 1
111 1 1

[ Figure 4.10a from the textbook ]



Three-input majority function

Wi | W, Wy f
00 O 0 O 2 f
010 1 0

— () LORE'
o1 O 0

| W2+ W3

o1 1 1 7
110 O 0 O
110 1 1

-
111 O 1
111 1 1

[ Figure 4.10a from the textbook ]



Three-input majority function

Wi | W, Wy f
00 O 0 O W, f
010 1 0 0 W, w,
o1 O 0

il | Wy + Wy
o1 1 1 7
110 O 0 O
110 1 1

|
111 O 1
111 1 1
(b) Truth table

W, —¢- _\
/
|

(b) Circuit [ Figure 4.10a from the textbook |



Three-input majority function

= WIW2W3 + WiWaws3 ++ Wiwaws + winwows

\_1'] (H':H'_:) -1~ W (W:H'; — 11'3‘—1'3 — H’:H';)

wi(waws) + wy (Wr + w3)

vy —e TN
_/
|




Shannon’s Expansion Theorem



Shannon’s Expansion Theorem



Shannon’s Expansion Theorem

/ — Wl‘f:._-.-‘ T \\'1‘/‘\

cofactor cofactor



Shannon’s Expansion Theorem
(Example)



Shannon’s Expansion Theorem
(Example)

1 (wy +wy)



Shannon’s Expansion Theorem
(Example)

1 (wy +wy)



Shannon’s Expansion Theorem
(In terms of more than one variable)

This form 1s suitable for implementation with a 4x1 multiplexer.



Another Example



Factor and implement the following
function with a 2x1 multiplexer

[ = wiw3 + wiwsr + w w3



Factor and implement the following
function with a 2x1 multiplexer

[ = wiw3 + wiwsr + w w3
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Factor and implement the following
function with a 2x1 multiplexer

I =wifw, + wifw,

wi(wsz) +wi(wr + wy)

[ Figure 4.11a from the textbook |



Factor and implement the following
function with a 4x1 multiplexer

[ = wiw3 + wiwsr + w w3



. = \1'1\1'3f‘,.. Wy T \—1']\1':/;._ VI e 7% H']W:}

Factor and implement the following
function with a 4x1 multiplexer

/ = WIW3 T WiWr» T W W3

7y =+ W) WHf,, W

W

= wiuwsr(W3) + wiwr(ws) +wiwa(ws) + wiwa(l)



. = n']n‘w/",.. =y T \T';H':f:.‘ Wis H']W:[

Factor and implement the following
function with a 4x1 multiplexer

%)

fomarll

w31{>(;1—
! -~

wy T W) H':/;“ W

W

= wiuwsr(W3) + wiwr(ws) +wiwa(ws) + wiwa(l)

[ Figure 4.11b from the textbook ]



Yet Another Example



Factor and implement the following
function using only 2x1 multiplexers

= wiwsr + wiws + wrnn



Factor and implement the following
function using only 2x1 multiplexers

[ = wiws + wiwy + wHrun

wi(wHwsy) +wiwsr + wy + wHouy)

\

1_\—'](\1'3\1';) + Wi(Wr + W3)



Factor and implement the following
function using only 2x1 multiplexers

[ = wiws + wiwy + wHrun

f =wi(waws) +wi(wr + w3 + wHrny)

wi(wawsz) +wi(wr + wsy)
\ J \ J
I I

£ .= W2W3 h = w> + wy

'S |



Factor and implement the following
function using only 2x1 multiplexers

W

/ = \—1—'] (Wrw3) + wi(wr) + w3 + wrwy)
= W (Wrw3) + Wi (Wr + W)
\ J
' \ ' l
g = WhHoWHy h = Wr + W3

'S |



Factor and implement the following
function using only 2x1 multiplexers

S Wa2WwW3 h = Wr + W3



Factor and implement the following
function using only 2x1 multiplexers

S wa2Ww3 h = w-> + wy

-
\
JQ
p—
-

I J

(0) + wr(w3) h=w>y(w3) +w>(l)



Factor and implement the following
function using only 2x1 multiplexers

g = ws(0) 4+ wr(w3) h=wy(ws3) + wa(l)



Finally, we are ready to draw the circuit

W)



Finally, we are ready to draw the circuit

W




Finally, we are ready to draw the circuit

|
.

[ Figure 4.12 from the textbook ]



Questions?



THE END



